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A semianalytical technique is presented for solving the equations describing an 
isothermal, irreversible reaction of a trace component in a packed bed of a solid reac- 
tant or adsorbent. The reaction-rate expression is assumed to have an arbitrary de- 
pendence on the solid reactant concentration, but a first-order dependence on the trace 
gas component. The technique relies on an integral transfomation that reduces the set 
of partial differential equations to a set of two coupled ordinaly differential equations in 
the spatial variables. Solving these two equations is simpler than solving the original 
equations by finite differences or finite elements, especially in the presence of steep 
concentration gradients. Two examples presented illustrate the technique: a progressive 
conversion model with reaction occurring at dispersed sites within the adsorbent pellet 
and a reaction proceeding in the shrinking core mode. 

Introduction 
Adsorption or reaction in packed beds of solid reactants or 

sorbents is widely employed for the separation or purification 
of gases. The modeling of adsorption in packed beds has been 
treated extensively, and the textbooks of Ruthven (1984) and 
Yang (1987) provide an excellent introduction and detailed 
references. 

We consider here the following equations describing the 
isothermal adsorption or reaction of a single trace compo- 
nent in a packed bed: 

This equation was solved analytically by Rasmuson and 
Neretnieks (1980) for the case where the sink term, ( d q / d t ) ,  
was controlled by the external film resistance and intraparti- 
cle diffusion, with adsorption-desorption at equilibrium and 
a linear adsorption isotherm. The case of a nonlinear isotherm 
has been treated numerically by Liapis and Rippin (19781, 
among others. To our knowledge no analytical solution is 
available for irreversible adsorption or reaction, with dis- 
persed flow models. 

In this article we extend a semianalytical technique of Del 
Borghi et al. (1976) and Dudukovic and Lamba (1978) for 
fluid-solid reactions in single pellets to reactions in packed 
beds. This technique involves the transformation of the gov- 

erning partial differential equations (PDEs) into two coupled 
ordinary differential equations (ODES). The technique is re- 
stricted to isothermal, irreversible reactions, first order with 
respect to the gaseous reactant. These conditions often apply 
when trace quantities of gaseous contaminants are removed 
by irreversible reactions or chemisorption. An example is the 
removal of hydrogen sulfide by reaction in a bed of iron or 
zinc oxide. The governing equations are similar to those of 
reversible adsorption and are amenable to numerical solution 
by collocation methods such as those used by Liapis and Rip- 
pin. The technique proposed here is simpler and numerically 
more efficient, especially when steep concentration gradients 
are encountered inside the pellets or along the bed. 

Analytical Development 
We consider a fluid-solid reaction 

(2) 

with rate per unit solid volume given by 

R = k f ( X ) c ' ,  (3) 

where c' is the concentration of the fluid component A per 
unit fluid volume in the pellet and X is the local conversion 
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of the solid B. The form of the function f can be derived 
from various reaction models or it can be empirically deter- 
mined. 

The conservation equations for A and B for a bed of 
spherical pellets can be written as 

d C  
ucoG(t)  = uc - D ,  - 

dX 
x = 0: ( 5 )  

(7) 

dX 
dt 
_-  - v,kf(X)c' (10) 

t = 0 :  x = o .  (11) 

These equations incorporate the following simplifications and 
assumptions: 

1. The gas-phase accumulation terms in the bed and pellet 
equations, Eqs. 4 and 7, have been neglected since in the 
adsorption/reaction of trace gases, the ratio of bulk gas con- 
centration to solid reactant concentration (c,/u,) is very 
small, in many cases below lop3. For example, a copper-ex- 
changed zeolite, 13-X containing 3 wt. % Cu, that is, CT,, about 
0.7x10-3 m ~ l / c m - ~ ,  can be used to desulfurize a flue gas 
with 0.5% SO,. At 300°C the SO2 concentration is co = 1.06 
X lo-' m01/cm-~ so that c,,/cT,, = 1 . 5 ~  

2. The size and porous structure of the pellets do not 
change with reaction, excluding from consideration reactions 
such as lime sulfation that significantly decrease the pore vol- 
ume. 

3. Through the function G(t)  in Eq. 5,  time varying inlet 
concentrations have been included in the formulation of this 
problem. However, G(t) must change relatively slowly for 
consistency with the approximation 1 above. 

Defining the dimensionless variables 

and the dimensionless parameters 

The basic transformation consists 
pendent concentration variable ( by 
concentration 

(18) 

(19) 

of replacing the de- 
the cumulative pellet 

(20) 

Dividing Eq. 18 by f ( X )  and integrating yields the following 
relation between z and X :  

x h  
.=/, fo' (21) 

Equation 21 defines X implicitly as a function of z 

x= w ( z ) .  ( 2 2 )  

Integrating Eqs. 15-17 with respect to time, we obtain the 
corresponding equations in the cumulative concentration z :  

(23) 

where Y is the cumulative column concentration 
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In deriving Eq. 23 we made use of the relation 

obtained by direct integration of Eq. 18. It is noted that the 
elimination of the dependent variable X from Eq. 23 is pos- 
sible only when the chemical reaction is first order in the gas 
concentration. 

The solution to the two-point boundary problem 23-25 can 
be obtained numerically by integrating Eq. 23 from the cen- 
ter of the pellet to the surface using the initial conditions 

(27) 

for different values of K and then using boundary condition 
25 to establish a one-to-one correspondence between Y and 
z at p = 1: 

Z ( 1 , Y )  = M Y ) .  (28)  

It is often useful to know the fraction of the sorbent that 
remains unreacted at breakthrough. In order to extract this 
information from the transformed equations, it is necessary 
to know the extent of conversion of the pellets as a function 
of Y. This can be found by integrating Eq. 22 throughout the 
pellet 

where it is recalled that z = z( p,  Y ) .  The functions h ( Y )  and 
a,,(Y) summarize all the information contained in the pellet 
equations. The numerical solution provides h(Y)  and a,,(Y) 
at a discrete set of points, which can be interpolated using 
cubic splines to provide smooth functions. 

Proceeding to the column problem, Eqs. 12-14 are inte- 
grated with respect to T, yielding 

(30)  

Using the initial conditions 

(33)  

Equation 30 is integrated from 5 = A  to 5 = 0 for different 
values of A. Each value of A yields Y(0,  T) and ( d Y / d ( )  (0, 
T) as well as the cumulative concentration profile Y ( t ,  7). 
The boundary quantities are substituted into Eq. 31 to obtain 
the time T for this particular profile. From the profile Y(5,  
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T) and the function aau(Y), the concentration of solid reac- 
tant is immediately known everywhere in the column. To find 
the gas concentration profiles y ( 5 ,  T), the cumulative pro- 
files Y( 5, T) could be numerically differentiated. However, 
the numerical integration of Eqs. 30-32 would yield Y at a 
nonequidistant set of values of r ,  so that in practice it would 
be necessary to calculate the cumulative concentration pro- 
files for a very dense set of values of T to allow accurate 
numerical differentiation. A more efficient procedure be- 
comes apparent by differentiating Eq. 30 with respect to T to 
obtain the linear equation 

(34)  

subject to the boundary conditions 13 and 14. Equation 34 is 
linear because h'(Y)  is a known function of 5 through the 
cumulative concentration profile Y( 5, TI. The function h'(Y) 
can be obtained from the spline formulas used to generate 
h(Y) ,  but a more accurate method is given in the Appendix. 
By integrating Eq. 34 from 5 = A  to 5 = 0 with the initial 
conditions 

a profile is obtained that differs from the true concentration 
profile only by a scaling factor. This profile can be scaled by 
a suitable constant so that the result y( 5, T) satisfies bound- 
ary condition 13. 

It is useful at this point to summarize the computational 
procedure required to solve the original problem. First, the 
functions h ( Y )  and uau(Y) are calculated from the single- 
pellet equations. In general, this involves solving the differen- 
tial Eq. 23 for several different values of z(0, Y ) =  K .  For 
certain fluid-solid reaction models the calculation of these 
functions may require solution of an algebraic equation rather 
than the differential Eq. 23 (Example 2). Proceeding to the 
column equations, Eqs. 30 and 34 need to be solved once for 
every concentration profile required. There is no require- 
ment for a time mesh as with finite difference methods. One 
can solve for as few profiles as are needed to accurately por- 
tray the breakthrough behavior of the column. 

Example 1 
The technique will now be illustrated for an irreversible 

reaction that is first order in both the gaseous reactant and 
the reacting sites in the solid. In this case the function f takes 
the simple form 

f(  x 1 = 1 - x, 
where the initial density of reacting sites is absorbed into the 
rate constant k .  Equations 21 and 22 now appear as 

The relevant forms of Eqs. 23-25 were integrated by a 
Runge-Kutta method with adaptive step-size control (RKAS) 
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Figure 1. Function h(Y)  in example 1 for 8im=50 for 
various values of a2. 

to calculate the function h(Y) .  Figure 1 shows the calculated 
h(Y)  for various values of CP. In practical applications, the 
mass-transfer Biot number is sufficiently high and most re- 
sistance is due to intraparticle processes. For small values of 
CP, intraparticle gradients are small and thus the cumulative 
concentrations in the bulk, Y, and at the particle surface, 
h(Y) ,  are similar. For large values of @, Y is significantly 
larger than h(Y), as shown in Figure 1. Figures 2 through 6 
survey the results easily extracted through this method of so- 
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Figure 2. Development of the cumulative concentration 

profiles Y(6, 7 )  in example 1 for a2=10O, 
Bi,,,=50, Pe=l . l ,  p=3.3. 
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Figure 3. Development of the concentration profiles 

y ( f ,  7 )  in example 1 for a2=10O, 8im=50, 
Pe=l . l ,  p=3.3. 

lution. Figures 2, 3 and 4 illustrate the development of the 
gas and solid concentration profiles in the bed. Note how the 
gas and solid concentration profiles at 7 = 0.0 in Figures 3 
and 4 are consistent with the pseudo-steady-state assump- 
tion. Figure 3 reveals the wavelike character of the solution 
reflecting the relatively small effect of dispersive processes. 
Finally, Figures 5 and 6 show breakthrough curves for differ- 
ent values of various parameters. For the range of parame- 
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Figure 4. Concentration profiles of the solid reactant in 

example 1 for a2=100, 8im=50, Pe=l . l ,  p 
= 3.3. 
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Figure 5. Effect of axial dispersion on the breakthrough 
curve in example 1 for a* = 100, Bi, = 50, L = 
300. 

ters explored, broadening effects caused by kinetic resis- 
tances in the pellet are seen to be much more important than 
those due to axial dispersion. 

In this example the feed concentration to the column was 
taken as constant. However, the technique can be applied to 
unsteady inputs, subject to the restrictions of the pseudo- 
steady-state approximation. In particular, the characteristic 
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Figure 6. Effect of reaction rate constant on the shape 
of the breakthrough curve in example 1 for 
4, = 50, Pe = 1.1 , p = 3.3, L = 300. 
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time for changes in the feed concentration must be much 
larger than the characteristic time for concentration changes 
in the column and the pellet. Our experience with Example 1 
indicates that the solution of Eq. 34 is very sensitive to the 
function h'(Y ). Differentiation of the spline-interpolated 
function Y introduces sizable error, especially for Thiele 
moduli below 1 or above 20. However, this difficulty was 
largely eliminated by using the direct calculation of h'(Y) 
outlined in the Appendix. To test the numerical accuracy of 
the technique, the numerical solution for short times was 
compared with the corresponding analytical solution ob- 
tained from the asymptotic form of Eq. 34, 

where A(&,, @) is a constant calculated from the short-time 
limiting form of the pellet equations. The two solutions dif- 
fered by less than 1%. Overall mass balances based on the 
outlet tracer concentration-time curve also gave consistent 
results. 

Example 2 
As pointed out earlier, functions h(Y)  and aau(Y)  can be 

calculated for a variety of reaction models. To further illus- 
trate this calculation, we consider a pellet undergoing shrink- 
ing core reaction. Mass transfer through the gas film, diffu- 
sion through the product layer, and reaction at the interface 
are described by the standard pseudo-steady-state equations 

dC' 

ar 
r = rc ; D, - = v, kc' (37)  

(38) 

(39) 

t = 0 :  r c =  R,,  (40)  

where c' is the concentration of the gaseous reactant, a, is 
the concentration of the solid reactant in the core, and rc, R, 
are the radii of the core and the pellet. With the new defini- 
tion of dimensionless time 

and Thiele modulus 

Equations 36-38 yield the following expressions for the di- 
mensionless gradients at the core surface and pellet surface 
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Equation 41 is now introduced into the dimensionless form 
of Eq. 39 to obtain 

After integration with respect to time, Eq. 43 appears in the 
familiar form 

@' p.---- + p  - l = - z ( l , Y ) .  (44) 
( 2 * $  :) 

Matching the fluxes at the solid-fluid boundary gives 

(45) 

which after substitution with Eq. 43 and integration, provides 
the simple equation 

@Z 

3 BZ,[Y-z(l,Y)]=-(l- p,"). (46) 

Equations 44 and 46 can be easily solved for pc and d1, Y). 
For example, a value for z is selected and Eq. 44 is solved for 
pc, where only the root between 0 and 1 is physically rele- 
vant. The values of z and pc are then substituted into Eq. 46 
to give the corresponding Y. With Y, z(1, Y), and pc all 
known, one immediately has 

h(Y) = z ( l ,Y)  (47) 

a,,(Y) = p,'. (48) 

As before cubic splines can be used to generate continuous 
functions. Figure 7 shows breakthrough curves calculated for 
the progressive conversion model and the shrinking core 
models for high values of the Thiele modulus. In this case, 
both models describe the same physical situation, namely re- 
actions with steep intraparticle concentration gradients, and 
as expected the two breakthrough curves are in close agree- 
ment. 

A further special case of some interest is one in which the 
reactive solid consists of small crystallites supported on an 
inert porous matrix. The mathematical structure of this prob- 
lem is similar to that of the grain model. If reaction in the 
crystallites takes place in the shrinking core fashion, then the 
analysis of Example 2 can be combined with that of Example 
1 to provide the function h(Y) for the pellet. The function 
h(Y) of the pellet is then used in the column equations. This 
procedure represents a compounding from one level to the 
next one: from the crystallite to the pellet and from the pellet 
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Figure 7. Breakthrough curves for the progressive con- 
version model, and the shrinking core model 
of example 2 for Q12=l,000, Bi,=50, Pe= 
0.1 1, p = 0.33, L = 300. 

to the column. Each such transition, from one level to the 
next, eliminates one spatial coordinate. For background ma- 
terial on shrinking-core and grain models, see Levenspiel 
(1972) and Szekely and Evans (1971). 

Discussion and Conclusions 
A previous technique of Del Borghi et al. (1976) and 

Dudukovic and Lamba (1978) dealing with a single spatial 
variable (single pellet) has been extended to the case of two 
spatial variables (packed bed). This technique allows succes- 
sive elimination of spatial variables from the smaller scale to 
the larger scale until only the spatial variable at the highest 
level remains. Time is eliminated as an independent variable 
and becomes a parameter so that there is no need for a mesh 
in this variable. Once the function h(Y) has been computed 
for the pellet, only two one-dimensional spatial integrations 
are required for each time at which the solution is desired. 

Transformation of the original partial differential equa- 
tions to ordinary differential equations is advantageous be- 
cause of the availability of very efficient numerical algorithms 
for the latter, especially when the solutions have steep gradi- 
ents. For example, the fourth-order RKAS algorithm auto- 
matically reduces the integration step to handle steep gradi- 
ents in the dependent variable. In typical finite-element and 
finite-difference techniques very dense meshes in time and 
space must be used in the vicinity of steep concentration 
fronts. Although moving finite-element techniques have been 
developed to handle such problems, their implementation is 
considerably more tedious. The technique presented here is 
applicable only to a limited class of problems involving irre- 
versible reactions, first order in the gaseous reactant, and ex- 
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Appendix 
A more accurate method for calculating h’(Y) for the pro- 

gressive conversion problem is as follows. The pellet equa- 
tions for the cumulative concentration are 

cludes reactions that significantly change the porous struc- 
ture of the reacting solid. 
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Notation 
Bi, =pellet mass-transfer Biot number 

c =gas concentration in the bulk phase 
c ’  =gas concentration in the pellet 
D, =effective diffusivity within the pellet 
D, =axial dispersion coefficient within the column 

h’ =derivative of h with respect to Y 
k ,  = mass-transfer coefficient 
L =total length of packed bed 

Pe =pellet Peclet number 
q =concentration of solid product in the pellet 
r =radial distance in pellet 
u =interstitial velocity 
x =axial distance from front of bed 
y =dimensionless bulk concentration 
z =cumulative concentration in the pellet 

Greek letters 
E =bed void fraction 
5 =dimensionless distance from front of bed 
( =dimensionless gas concentration within the pellet 
A =dimensionless total bed length, L/Rp 
p =dimensionless radial distance within pellet 

pc =dimensionless unreacted core radius 
rabU =pellet average of the solid reactant concentration 

T =dimensionless time 
T~~~~~ = dimensionless ideal breakthrough time 
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dz 
(A2) p = o :  -- - 0  

8P 

These equations can be differentiated with respect to Y to 
obtain an equation in the derivative u = d z / d Y  

dU 

dP 
p = 1: Bi,(l- 0 )  = - 

(A41 

(A51 

(A61 

With z known from the solution of Al-A3, Eqs. A4-A6 con- 
stitute a linear boundary value problem in u and can be read- 
ily integrated. We have found that calculating u from Eqs. 
A4-A6 gives much more accurate results than those obtained 
by numerically differentiating h(Y 1, especially for early times. 

For the shrinking-core model, significantly less work is in- 
volved. The pertinent equations from the main text are 

@2 

3 
Bi,[ Y - z(1, Y )I = - (1 - p,‘), 

which result, respectively, from solving for the reaction front 
in the pellet and continuity of reactant flux at the pellet sur- 
face. By differentiating Eqs. A7 and A8 with respect to Y and 
solving for ( d z / d  Y )  I p= the result is 

d z  1 
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